We employ very high resolution simulations of isolated Milky Way-like galaxies to study the effect of triaxial dark matter haloes on exponential stellar discs. Nonadiabatic halo shape changes can trigger two-armed grand-design spiral structures which extend all the way to the edge of the disc. Their pattern speed coincides with the inner Lindblad resonance indicating that they are kinematic density waves which can persist up to several Gyr. In dynamically cold discs, grand-design spirals are swing amplified and after a few Gyr can lead to the formation of (multi-armed) transient recurrent spirals. Stellar discs misaligned to the principal planes of the host triaxial halo develop characteristic integral shaped warps, but otherwise exhibit very similar spiral structures as aligned discs. For the grand-design spirals in our simulations, their strength dependence with radius is determined by the torque on the disc, suggesting that by studying grand-design spirals without bars it may be possible to set constraints on the tidal field and host dark matter halo shape.
INTRODUCTION
For many years spiral structures in galaxies have been the subject of extensive observational, theoretical and numerical studies, but their origin still remains unclear. While the morphologies of spiral structures vary considerably, they can be generally classified into two broad categories: 'grand-design' spirals with mostly two arms that extend over a large range of radii and 'flocculent' spirals that consist of many small fragments of arms. Both kinds of spirals are mostly trailing rather than leading.
Theories of formation and evolution of spirals fall into two categories: (a) self-induced spiral formation, in which spiral structures form due to gravitational interaction between finite number of stars, and (b) externally driven spiral formation, in which spiral structures form as a response to external perturbations.
Lindblad proposed a theory of quasi-stationary spiral structures for grand-design spirals (e.g. Lindblad 1963 ). In his theory, spiral structures are in fact kinematic density waves with a pattern speed of ΩP = Ω − κ/n, where Ω is the corotation velocity, κ is the epicyclic frequency and n is the number of arms (typically equal to 2). In a frame moving with this pattern speed, the orbits of the epicyclic motion of the stars become ellipses without precession, which guarantees that the density field of the disc remains constant in this rotating frame. When orbits are arranged in E-mail: sh759@ast.cam.ac.uk a way that the highest density falls into a spiral-like shape (e.g. Kalnajs 1973) , constantly rotating stationary granddesign spiral structures can survive in the disc (Lindblad 1956 ). Lin & Shu (1964) developed a theory of density waves of quasi-stationary spiral structures further. They regarded spiral structures as large-scale waves propagating through the disc in a linear regime (see also Bertin & Lin 1996) .
'Flocculent' spiral structures (and some of the 'granddesign' spirals) are considered to be caused by instabilities due to self-gravity. To form spiral structures of this kind, two important processes are needed: swing amplification of small perturbations and a feedback loop. The local stability of a razor-thin disc with respect to axisymmetric tightly wound perturbations is characterized by Toomre's Q parameter (Toomre 1964) . For stellar discs, we have
where σR is the velocity dispersion in the radial direction and Σ is the surface density. When Q > 1, the disc is locally stable to axisymmetric perturbations, while for Q < 1, the disc becomes locally unstable. Considering the case of nonaxisymmetric perturbations, Julian & Toomre (1966) studied the stability of differentially rotating discs and showed that due to self-gravity, small perturbations can be greatly amplified. Toomre (1981) explored the theory further and showed that strong swing amplification can occur when Q is slightly higher than 1, i.e. if the disc is locally stable but the self-gravity is still strong and the wavelength ratio X is appropriate (typically between 1 and 3):
where R is the radius, m is the number of arms and kcrit = κ 2 /(2πGΣ) is the critical wavelength of the swing amplification. In this process small leading waves are amplified to strong trailing waves and the amplification factor can be as high as 100. Toomre (1981) also demonstrated that swing amplification can act on global spiral patterns and greatly amplify their strength, though external torques, for example, are sufficient to form those patterns. Similarly, Grand et al. (2012a) showed that two-armed spiral structures in barred galaxies can be dominated by swing amplification.
Recent studies combining numerical and analytic efforts have further shown that stars interact with each other over long periods of time through resonances. Sellwood (2012) found that stars are scattered at the inner Lindblad resonance as the transient spiral structures form, leading to a re-distribution in the action space. When stars are rotated randomly to erase non-axisymmetric features without affecting the distribution in action space, spiral structures restore rapidly, indicating that the scattering at inner Lindblad resonance is more fundamental than the change in the density field. Such a scattering has been recently studied by using a dressed Fokker-Planck formalism, which offers a powerful tool to probe the evolution of discs as a function of their properties.
While a number of past numerical studies found that spirals fade out quickly over time (for a recent review see Dobbs & Baba 2014 , and references therein), recent studies showed that in a stellar disc with more than a few million particles spiral arms persist for longer periods of time, indicating that previous results were suffering from discreteness effects (e.g. Fujii et al. 2011; Grand et al. 2012b ). D 'Onghia et al. (2013) showed that with a sufficiently high number of particles (of the order of 10 8 ), stellar discs with Q slightly larger than 1 can stay stable over a few galactic years. When, however, density perturbations are introduced in the disc (in the form of heavy particles), a transient spiral pattern forms which itself can act as the source of newly formed spiral arms. Sellwood & Carlberg (2014) studied the power spectra of such transient spirals, and found that they are superposition of several rigid rotating modes lying between the inner and the outer Lindblad resonance. They also found that such waves scatter particles towards new regions of a disc, thus changing the impedance of the disc, reflecting the waves and hence giving rise to new standing waves. In fact, showed that such simulations of spiral structures dominated by self-gravity in discrete discs can be characterized by the Balescu-Lenard equation, whose predictions on the properties of the secular orbital diffusion agree very well with simulations.
Taken together, these recent numerical works indicate that to study stellar spiral structures that may form in response to external perturbations, discs need to be represented with a very high number of resolution elements, to both minimize arteficial spiral heating and the Poisson noise in the initial conditions, ensuring that the growing time of transient spirals is long enough compared to the evolution of grand-design spirals.
For the triggering mechanism of the grand-design spiral structures, additionally to bars (e.g. Salo et al. 2010; Athanassoula 2012 ) and close companions (e.g. Purcell et al. 2011) , torques caused by the host dark matter halo have been invoked as well. Even though the properties of dark matter haloes, such as their exact shape and mass distribution (and the back-reaction of baryons), are still not precisely known, already early work (e.g. Binney 1978; Barnes & Efstathiou 1987; Frenk et al. 1988) have indicated that the haloes are generally triaxial. Follow-up studies with a variety of configurations, including dispersionless gravitational collapse models (Warren et al. 1992) , self-interacting dark matter models (Yoshida et al. 2000) , haloes formed in different cosmological models (Jing et al. 1995; Thomas et al. 1998) , and more recent higher-resolution studies (e.g. Bryan et al. 2013; Zhu et al. 2016 ) all find that the dark matter haloes are triaxial. Several generalizations of analytical, spherical halo models that include halo triaxiality were also proposed (Jing & Suto 2002; Bowden et al. 2013) . Analysing high resolution Aquarius simulations (Springel et al. 2008) , Vera-Ciro et al. (2011) showed that due to the cosmic growth history of dark matter haloes, their triaxiality can change rapidly over time, implying that the disc will be subject to a timedependent torque. It is generally believed that the inclusion of baryons leads to a reduction of halo triaxiality (Dubinski 1994; D'Onghia et al. 2010; Zemp et al. 2012; Bryan et al. 2013; Zhu et al. 2016) , with haloes becoming more oblate, especially in the central region. However, the resulting mildly triaxial halo mass distribution may still impart a significant torque on to the disc of the central galaxy.
In fact, DeBuhr et al. (2012) have found that the gravitational potential of a disc can flatten the halo, while in return bars and warps can develop in the disc under the influence of the flattened halo. For grand-design spiral structures, Dubinski & Chakrabarty (2009) studied the impact of external torque on the disc. In their simulations, it is assumed that while the inner part of the dark matter halo is aligned with the disc, the outer region is misaligned and tumbling, causing an external torque. Under such external torque, Dubinski & Chakrabarty (2009) found that granddesign two-armed spiral structures can develop in the disc, along with warps and bars. More recently, Khoperskov et al. (2013) found that grand-design spiral patterns can form in discs within haloes which are gradually turned from spherical into triaxial (see also Khoperskov & Bertin 2015) .
None the less, the relation between the triaxiality of dark matter haloes and the spiral structures in discs is still not fully understood. Therefore, a careful study employing very high resolution discs is needed to understand the influence of halo shapes on the disc structure which is the aim of this paper. Also since there are two different kinds of spiral structures, grand-design and flocculent ones, it is important to understand how they form in triaxial haloes.
The paper is organized as follows. In Section 2, we introduce the methodology together with galaxy and halo models we use. Our results are then presented in Section 3. In Section 3.1, we examine the numerical effects caused by the finite resolution of simulations which act as perturbations of the density field of stellar discs (see also Appendix A). In Section 3.2, we study the effect of how triaxial haloes are introduced into the system with very high resolution simulations, while in Section 3.3 we study spiral pattern generated by time-dependent triaxial haloes as predicted by cosmo- Table 1 . Numerical parameters for simulations with different number of star particles. For simulations listed below, the total mass of the stars is either M * = 1.9 × 10 10 M (low-Q discs) or M * = 9.5 × 10 9 M (high-Q discs). Number of star particles N , mass of a single star particle, m, and gravitational softening length, grav, are listed below.
1.9 × 10 10 10 5 1.9 × 10 5 163 1.9 × 10 10 10 6 1.9 × 10 4 76 1.9 × 10 10 10 7 1.9 × 10 3 35 1.9 × 10 10 10 8 1.9 × 10 2 16 9.5 × 10 9 10 5 9.5 × 10 4 163 9.5 × 10 9 10 6 9.5 × 10 3 76 9.5 × 10 9 10 7 9.5 × 10 2 35 9.5 × 10 9 10 8 95 16
logical simulations. We then focus on the impact of triaxial haloes of different shapes on the discs in Section 3.4. In Section 3.5, we discuss the nature of transient spirals that emerge out of grand-design spiral structures due to nonlinear effects. The underlying mechanism of the grand-design spirals is then studied in Section 3.6 (for discs misaligned with the major axes of the halo, see Appendix B). Finally, in Section 4 we summarize our results.
METHOD

The Numerical Approach
We perform simulations of stellar discs embedded in different dark matter halo models with gadget-3, whose previous version gadget-2 is described in Springel (2005) . gadget-3 is an N -body/smoothed particle hydrodynamics code. In the code, stars are represented by a finite number of stellar particles. Our choice of the number of star particles varies from 10 5 to 10 8 , so for a Milky Way-like galaxy a single star particle in the simulation typically represents about 10 6 -10 3 stars. Their dynamics is simulated with the N -body algorithm. Gaseous component is very important in the evolution of galactic discs. By interacting with the stars through gravity, gas can enhance the self-gravity of the disc. Also it can develop sharp shocks when placed in a gravitational potential caused by spiral structures (Gittins & Clarke 2004; Dobbs & Bonnell 2006 , 2007 . Moreover, new stars formed out of the high-density gas clumps can act as a cooling source to the dynamical temperature of the disc by lowering the velocity dispersion. However, modelling gas numerically is very difficult, given that complex cooling and heating processes need to be taken into account. Therefore, we do not include gaseous component in this work.
Analytic representation of dark matter haloes is employed in all of the simulations. Given that the total mass of the dark matter halo is much larger than the total mass of the disc, if we represent dark matter halo with particles, we need much more dark matter halo particles than star particles (a number that turns out to be prohibitively large!), so that the Poisson noise in the halo is comparable to that in the disc. In fact, for testing purposes, we ran a simulation of a live disc within a live halo, both of them with 10 8 particles.
In this simulation, strong transient spiral structures form almost instantly, making it impossible to study the possible effects of the halo shape on the disc. To avoid this effect, we would need much more dark matter particles. However, we are primarily interested in the behaviour of the disc rather than that of the dark matter halo. To make sure that the halo does not induce numerical artefacts to the system and to direct computational resources on the object we are interested in, we used analytic dark matter halo models rather than the dark matter particles. It is worth mentioning that with our methodology we cannot study the back-reaction of the disc on to the dark matter halo. To somewhat mitigate this issue, we study static dark matter haloes of different shapes.
For computation of the gravity, the gadget-3 code employs the TreePM method (Springel 2005) . The combination of the two methods, the Tree method and the Particle-Mesh (PM) method, gives us high efficiency in calculating gravitational forces with high accuracy. Constant gravitational softening length grav for star particles is used in all simulations. Typical values of grav used in our simulations are shown in Table 1 .
Modelling of Stellar Discs
We set up our disc model following the description in Springel et al. (2005) . The disc has an exponential surface density profile and an isothermal sheet profile vertically, described by
where RS = 3.13 kpc is the scalelength of the disc, M * is the total mass of the stars and z0 = 0.1RS is the scaleheight. The total mass of the system, MT = M * + M dm is 9.5 × 10 11 M in all our simulations. However, two kinds of discs with different disc mass ratios m d = M * /MT are used: one with m d = 0.02 and minimum Toomre's Q parameter Qmin ∼ 1 (hereafter referred to as the 'low-Q' disc), the other with m d = 0.01 and Q > 1.3 (hereafter referred to as the 'high-Q' disc). As shown by previous works (e.g. Vandervoort 1970; Romeo 1992) , discs with finite thickness are more stable than razor-thin ones. Therefore, although for razor-thin discs, Q ∼ 1 leads to violent axisymmetric perturbations, in our simulations with finitely thin discs such axisymmetric perturbations are weaker. The radial profiles of Q parameter for different discs and as a function of time are shown in Fig. A2 in Appendix A. The circular velocity and velocity dispersion of the stars in the disc are worked out analytically based on the density distribution of the system (for further detail, see Springel et al. (2005) ).
Spherical Dark Matter Haloes
Both Hernquist (Hernquist 1990 ) and triaxial dark matter haloes derived from it are used as our halo models. The Hernquist profile of a halo is described by
where a = 30 kpc is a scale length factor that controls the distribution of the mass. The potential of the Hernquist halo Table 2 . Halo models used in this work. a, b and c are major axis lengths of isodensity surface in the x, y and z direction. p and q are the ratios of b to a and c to a. The suffixes of the two parameters, 0 and ∞, indicate whether the parameter is for the inner or the outer limit. In model T O2 , the discs do not lie in the x-y plane. The position of the disc plane is defined with the first two Euler angles following the standard notation. In other words, it is decided by (1) setting coordinates x -y -z to initially coincide with x-y-z coordinates, (2) rotating x -y -z coordinates along the z axis for an angle α, (3) rotating x -y -z coordinates along the x axis for an angle β and (4) putting the disc in the x -y plane. is given by
Here, the mass of the halo is
The virial radius of the halo, R200, is set to be 160 kpc.
Triaxial Dark Matter Haloes
To derive a triaxial halo from a Hernquist halo, we followed Bowden et al. (2013) and added two low-order spherical harmonic terms to the potential, i.e. Φ(r, θ, φ) = ΦHQ(r) + ΦT(r, θ, φ) ,
with the triaxial part ΦT(r, θ, φ) being ΦT(r, θ, φ) = 4πG ρ1r
where ΦHQ is the potential of the Hernquist profile and Y 0 2 (θ, φ) = 3 2
Hence,
Here ρ1, r1, ρ2 and r2 are four free parameters that can be used to control the shape of the halo in the inner and outer regions, i.e. the ratio of major axis lengths of the isodensity surface in the y and x direction at the inner and outer limit, p0 = limr→0 b/a and p∞ = limr→∞ b/a and similarly in the z and x direction, q0 = limr→0 c/a and q∞ = limr→∞ c/a. Once shape parameters p0, q0, p∞ and q∞ are given, one can calculate the corresponding ρ1, r1, ρ2 and r2 following Bowden et al. (2013) . For most of the simulations the disc lies in the x-y plane, but we also ran several simulations in which the discs have a 45
• angle to the x-y plane.
The names and parameters of all halo models are listed (9) and (10), where all m 12 modes are taken into account. Spiral structures grow in all four low-Q discs, but not in high-Q discs. For the high-Q disc with 10 6 particles, the strength is higher than that of 10 8 particles due to higher Poisson noise, but does not grow over time. The scale time for growing spirals is longer for simulations with more star particles. For simulation with 10 5 -10 7 star particles, spiral strength decreases after reaching the peak value due to the spiral heating.
in Table 2 . The S model is the original spherical Hernquist halo. T1 model is spherical outside and triaxial inside, while T2 is the opposite. In T3 model, the inner and outer limits of the major axis length ratios are p0 = q0 = p∞ = q∞ = 0.85. However the major axis length ratios p and q are not constant throughout the halo. As shown in Fig. 10 , the ratio p is slightly lower than 0.85 for 0 < R < 5RS. This is due to the fact that we are using an analytical model for the triaxial halo, which only constrains the ratios of major axis lengths for the r → 0 and the r → ∞ limits. The parameters for T2 are chosen to be comparable to the results of cosmological simulations described in Zemp et al. (2012) .
RESULTS
Finite Resolution Effects
We start by first investigating the finite resolution effects on the disc properties by using an increasing number of star particles to represent the disc. In total, we ran six simulations with the same S halo, i.e. spherical Hernquist halo without any triaxial terms, but with different disc mass ratio m d and different numbers of star particles in the disc. For two of these simulations, we used an m d = 0.01 disc with 10 6 and 10 8 star particles. As mentioned before, in these disc models, Toomre's Q parameter is greater than 1.3 throughout the disc. For the rest of the simulations, m d is set to 0.02 and we use from 10 5 to 10 8 star particles. For some regions in these discs, Q ∼ 1, which means that the swing amplification is strong.
In simulations with low-Q discs, transient spiral structures develop. As shown in Fig. A1 in Appendix A, these −2 ), where Σ is the surface density. In both simulations the disc has 10 5 particles. The surface densities of the two discs are similar. This indicates that when the Poisson noise is significant, swing amplification of Poisson shot noise is the dominating factor over the influence of a triaxial halo. spiral structures are multi-armed, typically from 7-armed to 10-armed. The strength of these spiral structures at radius R can be quantified with
whereΣm(R) is the Fourier transformation of the surface density Σ(R, θ) of the disc at fixed radius R along the azimuthal coordinate θ, i.e.
Here we sum over m = 1-12 to include the effect of all spiral structures with m 12. Structures with higher m, which represent smaller structures in the disc, are excluded because they are subject to random noise in the disc. The evolution of S(R) over a time span of 10 Gyr at a fixed radius R = 2RS is shown in Fig. 1 .
Strong spiral structures develop in all four simulations with low-Q discs. The maximum spiral strength for these simulations is roughly the same regardless of the number of star particles. However, simulations with a higher number of particles take longer time to grow spiral structures, in agreement with the findings from Sellwood (2012) and Fujii et al. (2011) . This shows that self-gravitating discrete discs in our simulation can be well characterized by BalescuLenard equation, whereby the time-scale of structure growth is inversely proportional to the number of particles in the system . In particular, it takes more than 7Gyr for the simulation with 10 8 star particles to fully develop spiral structures. Also note that spiral strength in simulations with 10 5 -10 7 particles decreases after reaching the maximum, because of spiral heating. For 'dynamically hot' discs with Q > 1.3, the spiral strength is always comparable to the initial value, indicating that the swing amplification is weak, as expected.
To further study the resolution effects, we replace the spherical halo with triaxial haloes described in Table 2 . Fig. 2 shows the surface density of a 10 5 particle disc in the T1 halo at time t = 0.5 Gyr. T1 halo is triaxial inside and spherical outside, which means that the non-axisymmetric force introduced by this halo in the central region of the disc is very high. However, the disc in the T1 halo still develops a multi-armed transient spiral structure, though the distribution of the spiral arms is more asymmetric than the one in the spherical halo. This indicates that when the Poisson noise in the disc is very high, swing amplification of the disc dominates the whole process and external torques cannot significantly influence the strength of the arms. To study carefully the effects of triaxial haloes, swing amplification of Poisson noise caused by finite resolution needs to be suppressed. For the rest of this paper, we thus perform simulations with 10 8 star particles, so that the growth of transient spiral structures caused by swing amplification of the Poisson noise in the initial conditions is sufficiently slow.
Time-dependent Triaxial Haloes
The top row of Fig. 3 shows the surface density, density variation with respect to the initial conditions and the residual density of the high-Q disc with 10 8 star particles in the T2 halo at 3Gyr. Here residual density refers to the normalized density difference to the average surface density over azimuthal coordinate,
whereΣ(R) is the average density at radius R, i.e.Σ(R) = 1 2π 2π 0 Σ(R, φ)dφ. We use a high-Q disc to avoid the possible interference due to the swing amplification of the disc, which we study later on in Section 3.5. As shown in the top row of Fig. 3 strong grand-design two-armed spiral structures form. These spiral structures are very sharp, tightly wound up and global. Unlike the spiral structures formed due to swing amplification (see Fig. A1 ), which only exist in the intermediate part of the disc (i.e. for 1 R/RS 3.5), the spiral structures in triaxial halo extend to the edge of the disc. This agrees with Dubinski & Chakrabarty (2009) Figure 3 . Surface density, i.e. log(Σ/10 10 M kpc −2 ), its variation to the initial conditions and residual density of high-Q discs in a simulation with 10 8 star particles in a T 2 halo at t = 3Gyr. Top row: simulation with a static T 2 halo. Bottom row: halo is initially spherical and then gradually turns into a T 2 halo with a scale time of τ = 1Gyr. In the simulation with a static T 2 halo, strong two-armed spiral structures form. The spiral structures keep winding up after their formation. By the time t = 3Gyr, spirals are tightly wound up. With triaxiality of the halo introduced gradually, very weak spiral structures form in the disc, indicating that the spiral structures found in the simulation with a static triaxial halo are caused by the sudden change of the halo shape.
where an external torque due to the tumbling dark matter halo drives the formation of the spiral structures. However, it is unclear whether these spiral structures are caused by the triaxial halo alone or by the impulsive process of introducing triaxial haloes to the system with a disc that is initially in equilibrium with a spherical halo.
To fully understand the formation mechanism of these grand-design spiral structures, we run simulations in which the shape of the halo changes from spherical to triaxial gradually, so that initially the disc is in the equilibrium with the halo and no impulsive change to the system occurs. As shown in equations (6) and (7), the analytic potential we employed in our simulations consists of two parts: a spherical Hernquist potential and a triaxial part. We hereby extend equation (6) so that the triaxial part of the halo can be turned on and off gradually with a function f (t),
When f (t) = 0, the dark matter halo is a purely spherical Hernquist halo, while when f (t) = 1, the dark matter halo is a fully developed triaxial halo. The bottom row of Fig. 3 shows the surface density and the residual density of a simulation with a gradually introduced T2 halo. In this simulation the growth of the triaxial part of the potential is set to
where the scale time τI = 1Gyr. The time shown in Fig. 3 is 3Gyr, when the triaxial transformation of the halo is almost complete, with f = 0.95. With the initially spherical halo growing slowly to triaxial, as shown in the residual density map in the rightmost panel, the spiral structure is very weak inside 3RS, while relatively weak two-armed structures develop in the outer region. The fact that only weak spiral structures develop when the triaxiality of the halo is introduced gradually indicates that triaxial halo alone does not necessarily lead to spiral structures. In fact, by comparing the orbital period τO of the stars and the time-scale τI of introducing the halo, we find that the time-scales of the two processes determine whether a strong spiral structure will develop. The orbital period τO is very small in the innermost regions of the disc. The introduction of triaxiality has a much longer time-scale τI = 1Gyr, which can be seen as an adiabatic perturbation in the centre. τO becomes longer at larger radii. At R = 3RS, τO = 0.315Gyr, which is still shorter than the τI, but the introduction of the halo is starting to make an effect. At about R = 5RS, τO ∼ 0.5Gyr. Now introduction of the triaxial halo can no longer be considered as adiabatic, and the change of halo shape starts to have a significant effect on the disc.
The spiral structures formed in this simulation on larger scales are shown in the first row of Fig. 4 . Here the normalized density difference to the initial density
is shown so that the structures in outer regions where density is significantly lower can be clearly seen. As shown in different columns (which are for t = 1, 2 and 3 Gyr), struc- . Discs in a T 2 halo with a gradually increasing triaxiality with time. The relative difference of surface density to the initial conditions is shown. Top: with self-gravity. Middle: without self-gravity. Bottom: with self-gravity and a smoother introduction of triaxiality in the halo, i.e. f 6 (t) as defined in equation (15). With self-gravity in the disc turned off, it can be clearly seen that a twoarmed spiral structure forms outside and grows inwards. However, for the simulation with self-gravity, this spiral pattern interferes with rings that form due to the change of halo profile. When the triaxiality of the halo is introduced in a smoother way, no prominent spiral structures can be found. This indicates that discs can survive in triaxial haloes without developing spiral structures if the shape of the halo changes smoothly enough.
tures form at larger radii and grow inwards. However, due to the changing of the halo potential, ring structures also form in the disc and to a certain extent interfere with the spiral structures, making it hard to distinguish genuine spiral structures from rings. We therefore run another simulation with self-gravity in the disc turned off, as shown in the middle row of Fig. 4 . Two-armed grand-design spiral structures still form in this simulation, but rings do not interfere with spirals through self-gravity anymore. Instead, they superimpose with each other so that the rings are now seen as fine lines in each arm of the spiral structures. We therefore conclude that rings, though forming easily as a response to the change of the halo potential and modifying the shape of
These are a numerical byproduct caused by the initial setup of stellar velocities which are not in perfect equilibrium with the changing halo potential, but do not influence any of our results.
the spiral structures, are not essential for the spiral forming process.
We explore this problem further with a smoother f (t) function. We generalized equation (13) to
where n is the smoothing factor and f1(t) falls to the original form used in equation (13). This generalization satisfies fn(0) = 0 and fn(t) = f1(t) to the first order in e −t/τ I as t → ∞. As shown in Fig. 5 , for a higher n, the growth of f (t) at the early stage of the simulation is smoother. In practice we ran a simulation with n = 6. Self-gravity is included in this simulation as well. The result of this simulation is shown in the bottom row of Fig. 4 . No prominent spiral structures develop. This demonstrates that the triaxial shape of a halo itself does not necessarily lead to spiral structures. Rather, non-adiabatic change of the halo shape, i.e. halo changing on a time-scale shorter than or comparable to the orbital 
Figure 5. Time dependence of fn(t) for smoothing factor n = 1, 2 and 6. fn(t) shows the same trend as f 0 (t) as t → ∞. However higher n indicates a smoother growth of fn at the beginning of the simulation.
period of the stars, will cause grand-design spiral structures to form. Khoperskov et al. (2013) have reported that in their simulations similar grand-design two-armed spiral structures form within a halo growing slowly enough from a spherical one to a triaxial one with a time-scale more than four times longer than the rotation periods of the stars at the outer part of the disc. In contrast, we have shown in Fig. 4 that with a carefully chosen growth function f (t) of the triaxiality of the halo, the development of the spiral patterns is not necessary. We therefore conclude that the spiral structures formed in their simulations are also due to the fact that the introduction of the triaxiality is not adiabatic enough.
As also shown in the bottom row of Fig. 4 , when the change of halo shape is adiabatic enough, the most prominent feature of the disc is its ellipticity. It has been shown that the ellipticity of the potential in the disc plane as well as the ellipticity of the disc itself can be constrained by the scatter of Tully-Fisher relation and by the photometry (Franx & de Zeeuw 1992; Debattista et al. 2008 ). The potential ellipticity is defined as = bΦ/aΦ where aΦ and bΦ are the length of major and minor axis of the surface of a constant potential. In our T2 model, it varies from = 0.055 to 0.075 in the disc plane from the inside to the outside. The ellipticity of the disc, defined similarly by contours of disc surface density, is D = 0.05. Both of the ellipticities are consistent with < 0.1 and D = 0.06 as suggested by Franx & de Zeeuw (1992) .
To understand if triaxial haloes are needed for these grand-design spiral structures to survive for longer periods of time, we also run a simulation with the halo shape turning from triaxial to spherical abruptly, with
with a time-scale τD = 0.2Gyr. In this simulation strong spiral structures form at the beginning of the simulation almost instantly, as expected. We run simulation further in time and find that the spiral structures can persist for much longer time. The surface density, its variation to the initial conditions and the residual density of the disc at t = 3Gyr are shown in Fig. 6 . The halo is extremely close to spherical as early as t = 0.5 Gyr, with f ∼ 10 −3 . Spiral structures survive in this spherical halo for at least 2Gyr and remain strong. Therefore, triaxial haloes, proven above not necessary for forming spiral structures, are not needed for persisting spiral structures either.
It is interesting to note that Toomre (1981) studied properties of a disc galaxy with an external torque turned on and off rapidly. Though both in Toomre's and in our simulations, two-armed spiral structures form, they are different in at least two ways. First, in Toomre (1981) , the Toomre's Q parameter and the wavelength ratio X are both in the range that favours the swing amplification of m = 2 modes, while in our simulation, for m = 2 the wavelength ratio X is too high for swing amplification to become significant. Actually in our simulations the modes for the X to fall into the range 1 < X < 3 that favours the swing amplification require 7 m 10, which are the typical number of arms for transient spiral structures seen in Fig. A1 . Therefore, though the swing amplification plays an important role in the development of the grand-design spiral structures in Toomre (1981) , it plays a minor role in our simulations. In fact, as shown later in Section 3.5, the swing amplification may destroy the grand-design spiral structures at later times. Secondly, Toomre (1981) found that the grand-design spiral structures in their simulation decay after several rotational periods, while in our simulations the grand-design spiral structures can survive for a longer time. While disc properties and simulation methodology in our work are quite different, this indicates that the formation mechanism of the spiral structures may be different in Toomre (1981) and our simulations. In fact, the spiral structures in our simulations can be well explained by the kinematic density wave theory, as shown in Section 3.5.
Time-dependent Triaxial Haloes from Cosmological Simulations
As shown in the previous section, spiral structures only form when the axisymmetric change of halo potential is rapid enough. It is natural to ask whether this process is possible in a realistic halo. In fact, Vera-Ciro et al. (2011) found that haloes in self-consistent cosmological simulations like the Aquarius runs (Springel et al. 2008) can have very rapid change in triaxiality over time even when not experiencing very violent major mergers. To directly explore the impact of such realistic triaxiality changes on stellar discs, we set up two isolated halo models. For both models, the axial ra- The first model we consider has constant axial ratios with time in the central region. The limit of triaxiality as r → 0 is set to be p0 = b/a|r→0 = 0.95 and q0 = c/a|r→0 = 0.85 similar to the T2 model (following Zemp et al. 2012) , to account for the likely impact of baryonic matter. This model is rather conservative as it does not account for any time variation of triaxiality in the innermost halo regions. Thus, for the second model, we directly calculate the time evolution of the inner triaxiality of the Aq-B-4 halo. Due to the possible influence of a baryonic component, which is not captured by the Aquarius simulation (as it contains dark matter only), we expect that the average Figure 6 . Simulated discs at t = 3 Gyr in a halo that has a time-dependent triaxiality. Halo starts as the T 2 halo, but is quickly turned into a spherical halo with a scale time of τ = 0.2Gyr. The grand-design spiral structures still exist for a long time, indicating that once formed, grand-design spiral patterns can survive in a spherical halo. inner triaxiality will be smaller, but that the time fluctuations of triaxiality triggered by mergers, for example, will be comparable as predicted by dark matter-only cosmological simulations. We hence impose inner halo triaxiality fluctuations as directly evaluated from the Aq-B-4 halo on top of more realistic p0 = b/a|r→0 = 0.95 and q0 = c/a|r→0 = 0.85 values, rather than taking the absolute Aq-B-4 inner triaxiality average values, which are in the range of ∼ 0.6. With this "recalibration" our second model more closely reflects the possible inner triaxiality time evolution as would be obtained by very high resolution Aq-B-4 simulation which would include baryons. Thus the impact of halo triaxiality on the stellar disc should be more realistic than in our first model.
The time dependence of halo triaxiality of our models is shown in Fig. 7 . We start from a spherical halo and change the triaxiality of the halo adiabatically to the configuration resembling the Aq-B-4 halo at 5.4 Gyr of the original simulation, and let the disc relax for 2 Gyr before the outer halo triaxiality starts to evolve similarly to the Aq-B-4 halo onwards in time. In the left-hand panel of Fig. 7 we show our first model where the inner halo triaxiality is kept constant, while in the right-hand panel, corresponding to our second model, realistic cosmological fluctuations of inner halo triaxiality are imposed (as measured from the Aq-B-4 simulation directly) on top of the same constant values as in the first model.
A prominent feature in the right-hand panel of Fig. 7 is a sharp dip at around 6 Gyr. A minor merger is found to be the cause for such a sharp change, as illustrated in Fig. 8 . We trace this merger event backwards in time, and find that the satellite that causes this merger event has initially ∼ 23% of the mass of the Aq-B-4 halo. As it inspirals towards the centre of the Aq-B-4 halo, which lasts for about 3 Gyr, it loses most of its mass gradually due to dynamical friction and tidal stripping. None the less, the core of the satellite disrupts the centre of the Aq-B-4 halo significantly as it finally merges with it.
For both models, as intended the disc shows no sign of spiral structures in the growing and relaxing phase over the first 4 Gyr. However, when our halo triaxiality starts to evolve like that of the Aq-B-4 halo, clear spiral structures form in about 2 Gyr, as shown in Fig. 9 . The spiral structures persist and sharpen over time for at least another 3-4 Gyr. Surface density difference to the initial conditions (top) and residual densities (bottom) at t = 6 Gyr of discs evolved in simulations shown in Fig. 7 . The halo starts to behave like Aq-B-4 halo after t = 4 Gyr in this simulation. At t = 6 Gyr, clear spiral structures already develop for both simulations, while for the second model with varying inner triaxiality, the spiral strength is larger, and spirals form further in.
The morphology of the spiral structures is very similar to those shown in Section 3.2. Generally, the spiral structures of the second model with changing inner triaxiality are much stronger than that of the first model. Also, for the second model the spiral strength is high all through the disc † , while for the first model, the spiral structures are stronger in the outer part of the disc, which is expected since the inner † The evolution of the spiral strength of the second model will be discussed later in Section 3.6. Figure 10 . Shape and torque strength of the dark matter halo models as a function of R/R S . Left: ratio of major axes, p = b/a, as a function of R/R S for halo models T 1 , T 2 and T 3 listed in Table 2 . Right: absolute value of the torque perpendicular to the disc plane that a star with azimuthal coordinate θ = π/4 and radius R feels for simulations with halo models T 1 , T 2 , T 3 and T O2 . The simulation with halo model T O2 is discussed later in Appendix B.
limit of triaxiality is fixed. None the less, the spiral strength of the first model is still considerable as the relative surface density fluctuations reach 40%. We therefore conclude that in a realistic, cosmologically motivated case, changes in the halo triaxiality are abrupt enough to cause spiral structures, even when we assume a conservative evolution for the innermost halo. In reality, due to minor mergers, the inner shape of the halo may change in a way similar to our second model, therefore leading to strong spiral structures similar to the right-hand panels of Fig. 9 . More detailed investigation of this issue, which depends on the complex interplay of baryons and inner halo triaxiality fluctuations with time is beyond the scope of this work and is left for a future study.
It is also possible that in reality the disc is misaligned with respect to the halo's major plane. We explore this in Appendix B and find that the misaligned disc no longer stays in a plane as it evolves. Integral shaped warps form in the disc. Two-armed spiral structures still form and are similar to those formed in discs that lie in the x-y plane of the triaxial haloes. However, the outer parts of the spiral structure are distorted, due to the fact that they are no longer in the disc plane.
Dependence of Spiral Strength on the Halo Shape
We performed three additional simulations to further study the influence of different halo shapes on the spiral structure strength. In these simulations, we employ low-Q discs and various static triaxial dark matter haloes. The disc is originally in equilibrium with a spherical halo. An abrupt introduction of the triaxiality in the halo is the cause of spiral structures, as shown in Section 3.2. Three halo models, T1, T2 and T3, introduced in Table 2 , are used in these simulations. The ratio of major axes, p = b/a, of these haloes at different radii is shown in the lefthand panel of Fig. 10 . T1 model is more triaxial inside, T2 model is more triaxial outside, and the ratio of the major axis of the halo in the T3 model is equal at the innermost and the outermost limits, and slightly lower in between. In all three simulations, spiral structures develop instantly in response to the abrupt change of the halo shape from the spherical one. Surface density Σ, residual density Σres and the relative spiral strength of different m modes, Sm, of the discs in these simulations are shown in Fig. 11 . Here the relative spiral strength Sm is defined as
whereΣm(R) is the Fourier transformation of the surface density of the disc at radius R along the azimuthal coordinate, as defined in equation (10). In practice, the spiral strength fluctuates over time at a given radius. To show the mean trend of the strength with respect to the radius, we therefore plot the averaged spiral strength over a time interval from 0.35 to 0.85 Gyr. As shown in the top three rows of Fig. 11 , two-armed spiral structures form in all three simulations. The spiral strength for m = 2, 4, 6 and 8 has a similar radial profile within each simulation, indicating that the spiral strength measured for higher m modes is largely due to the twoarmed spiral structures. However, for different simulations, the relative spiral strength, Sm, varies differently with radius R. Generally, spiral strength depends on the halo triaxiality. This can be understood by comparing the torque generated by the triaxial halo, as shown in the right-hand panel of Fig. 10 . The torque and the strength of the spiral structures show almost identical trends as a function of radius for all three simulations, i.e. by comparing different simulations, one can find that the strength of the spiral structures at a given radius is higher for the simulation where the torque at that radius is stronger, and vice versa.
Swing Amplification of Spiral Fragments
As shown in Fig. 1 , for a low-Q disc with 10 8 star particles located in a spherical halo, transient spiral structures de- Figure 11 . Surface density, residual density and spiral structure strength of discs in simulations with T 1 , T 2 , T 3 and T O2 haloes (from top to bottom). Left column: surface density in Cartesian coordinates at time t = 0.5 Gyr. Central column: residual density in polar coordinates at time t = 0.5 Gyr. Right column: spiral strength for different modes averaged over a time interval from 0.35 to 0.85 Gyr. This time interval in chosen so that the spiral structures are fully developed in the disc. Note that spiral strengths with the odd m modes are not shown because they are much weaker. For the halo that is more triaxial inside (T 1 ), the spiral structure is stronger inside, while for the halo that is more triaxial outside (T 2 ), the spiral structure is also stronger outside. For T 3 halo which has b/a ∼ c/a ∼ 0.85, the spiral structure strength is generally higher than the other two simulations, expect for the central region where the spiral structure strength is lower than that of the T 1 halo. For the T O2 halo, the disc plane is determined by the direction of the total angular momentum, as discussed later in Appendix B. . Toomre's Q parameter is the angular average ofQ.Q quantifies the local stability of the disc. Two different types of spiral structures co-exist in the disc. Outside 3.5R S is the grand-design two-armed spiral structure caused by the triaxial halo, while inside 3.5R S there are more arms and they are all transient.
velop in several Gyr due to swing amplification. To explore if this process will also take place in simulations with a triaxial halo, we run the simulation with a T2 halo for a longer time.
As shown previously in Fig. 11 , at first only two-armed spiral structures develop in the disc. However after some time transient multi-armed spiral structures gradually form in the central region of the disc. Various properties of the disc in this simulation at t = 3 Gyr are shown in Fig. 12 . It can be seen from the surface density of the disc that two kinds of spiral structures co-exist in the disc, with transient spiral arm structures dominating the inner region of the disc, and two-armed grand-design spiral structures taking up the outer region.
Generally, the swing amplification is strong when the Q parameter is close to unity. Fig. 12 shows that regions with lowQ(R, θ) = σ R κ 3.36 GΣ value (note that Toomre's Q parameter is the angular average ofQ) lie perfectly within the spiral structures. This indicates that the spiral arms, with their higher density, can attract more stars into the spiral arms, hence magnifying the strength of the spiral structures. Also, in the part of the disc with RS < R < 3.5RS, theQ parameter is generally slightly higher than 1 outside of the spiral structures. This explains why transient spiral structures form in this region due to swing amplification, while for R > 3.5RS azimuthally averagedQ value is significantly higher than 1.
To further explore the interaction between grand-design spiral structures and swing amplification, we compare the discs formed in three different simulations: one with a low-Q disc in a T2 halo, one with a low-Q disc in a spherical halo, and one with a high-Q disc in a T2 halo. The surface density and residual density of the discs in these simulations at t = 3 Gyr are shown in Fig. 13 . By comparing the simulations with low-Q and high-Q disc in T2 haloes, one can see that the transient arms do not form in the simulation with the high-Q disc, where the swing amplification is very weak. This proves that the swing amplification is the reason for the formation of the transient spiral structures seen in the central regions of the low-Q disc.
We additionally performed a simulation with selfgravity of the disc turned off with a low-Q disc in a T2 halo, whose result is shown in Fig. 14 . No transient spiral structures form in this simulation, although two-armed granddesign spiral structures still form. Without self-gravity, there is no swing amplification process in the disc. This further demonstrates that transient arms are caused by the swing amplification, while two-armed grand-design spiral structures are not formed due to the swing amplification.
We also compare the simulations with low-Q discs in S and T2 haloes as shown in Fig. 13 . Transient spiral structures Figure 13 . Surface density (top row) and residual density (bottom row) for discs in three different simulations at time t = 3 Gyr. By comparing the left and the middle column we find that the strength of the transient spiral structures is stronger for the disc in a triaxial halo, although they are both formed due to swing amplification. As shown in the right column, transient multi-armed spiral structures do not form with a high-Q disc. Figure 14 . Simulation of low-Q disc in T 2 halo without self-gravity at time t = 3Gyr. Without self-gravity, transient spiral structures no longer form, while the grand-design spiral structures still persist.
form in both cases. However, the transient spiral structures formed in the T2 halo are significantly stronger than that formed in the S halo. For the simulation with the T2 halo, two-armed spiral structures formed in the central region of the disc at early times are gradually swing amplified and form the first generation of transient spiral structures later, while for the simulation with the S halo, transient spiral structures form due to the swing amplification of the Poisson noise in the initial conditions. With 10 8 particles in the disc, the Poisson noise is much weaker perturbation to the density field of the disc than grand-design spiral structures. Therefore, transient spiral structures formed in a T2 halo are much stronger than that in an S halo.
Formation Mechanism of Two-Armed Spiral Structures
To understand the formation mechanism of two-armed spiral structures, we study the modes of spiral structures following Sellwood & Carlberg (2014) , by measuring the power spectra of the discs in T2 haloes. The surface density Σ of the disc at time t, radius R and azimuthal angle θ can be expressed by the summation of a series of waves
where m is the number of arms and Ω f = mΩP is m times the pattern speed ΩP. In other words, Σ is the Fourier transform of the power A. Values of A(R, m, Ω f ) are complex numbers, as they are a combination of cos and sin waves. Figure 15 . Power spectra of the low-Q disc (left) and the high-Q disc (right) for a time interval 2-7.5 Gyr in T 2 haloes for m = 2 modes (top) and m = 9 modes (bottom). In each panel, black solid curve indicates corotation line with pattern speed Ω P = Ω, where Ω is the angular velocity of the stars, while black dashed curves are inner and outer Lindblad resonances with Ω P = Ω ± κ/2, with κ being the epicyclic frequency. For m = 2, the dominating feature corresponds to the grand-design spiral structures. For the low-Q disc this structure only exists in the outer region, because the grand-design spiral structures are distorted by swing amplification. For the high-Q disc where swing-amplification is weak, the grand-design spiral modes extend down to the innermost regions. The grand-design spiral structures lie at the inner Lindblad resonance. The dominating features of m = 9 modes are the horizontal structures crossing the corotation line, which are the typical structures of swing amplified modes. The strength of these modes in high-Q disc is roughly an order of magnitude lower than in the low-Q disc, as can be seen from the colour bar. Other high-m modes are not shown, as they are all qualitatively similar to the m = 9 power spectra.
We are more interested in the absolute value |A(R, m, Ω f )|, which is the total strength of the mode of m and Ω f at R. The power spectra are a good tool to study the waves in the disc, as they show the dominant rotational modes across the disc. In our simulations, since the surface density in the central region is much higher than that in the outer region, small fluctuations in the centre can have a higher power than the spiral structures located further out. In order to show the power spectra of the spirals clearly, we calculate power spectra of the residual surface density instead of the surface density.
Power spectra of low-Q and high-Q discs in T2 haloes for a time interval from 2 to 7.5 Gyr are shown in Fig. 15 . For the power spectra of m = 2 modes, the highest power lies at the inner Lindblad resonance where the pattern speed is ΩP = Ω − κ/2, with Ω being the rotation speed of the stars and κ being the epicyclic frequency. Since the high power values occur within a narrow region across the disc, there is only one dominating rotating mode in the disc, with rotating speed of Ω − κ/2. The high-power region in the power spectra of the m = 2 modes of the high-Q disc spans throughout the disc, but the high-power region for the low-Q disc is located only at the outer region of the disc. This is because the inner region of the low-Q disc is disrupted by the swing amplification, as previously shown in Fig. 13 . We have also checked the m = 2 power spectra of the simulation with Figure 16 . The strength of the m = 2 spiral structures as a function of time for radii R = 1R S , 3R S and 5R S in various simulations. For simulations with T 1 , T 2 , and T 3 , the halo is static and triaxial, while for the simulation with the Aq-B-4 halo (second model), the halo shape changes over time as in the right-hand panel of Fig. 7 . For better comparison the time of the Aq-B-4 simulation has been shifted so that t = 0 corresponds to t = 4 Gyr in Fig. 7 . Curves have been smoothed with a Hann function over a ∼ 2 Gyr time span to show the general trends more clearly. For simulations with high-Q discs, spiral strengths peak at 1-4 Gyr and then gradually decrease over several Gyr. In the T 2 halo with low-Q disc the strength of grand-design spirals is affected by transient spirals after 1 − 2 Gyr. Simulation with the Aq-B-4 halo shows stronger spiral strength due to its higher triaxiality and fluctuating evolution.
self-gravity turned off. The high-power region lies at the inner Lindblad resonance similarly to the simulation of high-Q disc with self-gravity, indicating that self-gravity plays a minor role here. For the power spectra of m = 9 modes, the power strength of the low-Q disc is more than five times higher than that of the high-Q disc, because the latter does not form prominent transient multi-armed spiral structures. Horizontal structures present in the power spectra for the m = 9 modes of the low-Q disc are shown to be the characteristic features of the transient spiral structures due to the swing amplification by Sellwood & Carlberg (2014) .
The fact that the regions of the highest power of m = 2 modes lie at the inner Lindblad resonance with and without self-gravity indicates that the two-armed grand-design spiral structures are indeed kinematic density waves, as proposed by Lindblad (1956) . For a large region in the disc, the value of Ω−κ/2 in our simulations can be regarded as roughly constant. Due to the epicyclic motion of the stars, in a frame rotating with this angular speed, stars have stationary elliptical orbits. Therefore, in such a frame if the orbits of the stars are arranged to be more crowded in some regions than the others initially, the crowded regions will remain crowded. Seen from a rest frame, this corresponds to a pattern moving with the pattern speed ΩP = Ω − κ/2. In our simulations, such arrangement of the orbits is caused by sudden introduction of triaxial haloes. Once formed, such patterns can survive in the disc for several Gyr (see also Fig. 6 and discussion in Section 3.2). It is also worth noticing that the curve of Ω − κ/2 is not perfectly flat, as it slightly decreases with radius. Because of this, the pattern speed of the spiral structures is slightly decreasing with radius as well, which explains the winding of the spirals at later times, as shown in e.g. Fig. 3 .
The lifetimes of grand-design spirals are shown in Fig. 16 . Here we plot the strength of the m = 2 modes as a function of time for radii R = 1RS, 3RS and 5RS. For simulations with high-Q discs, in general, spiral strengths peak at 1 ∼ 4 Gyr and then gradually decline. Spiral strengths larger than 0.1 can persist for up to 5−10 Gyr, depending on the radius probed. The peak values correlate strongly with the torque strength shown in Fig. 10, i. e. the peak value of the spiral strength is stronger when the torque strength is stronger. For the simulation with a low-Q disc and a T2 halo, at the beginning, the growth of the spiral strength is similar to the simulation with the same halo but with a high-Q disc, but the strength of the spirals in the low-Q disc starts to decrease earlier, in 1-2 Gyr. This is the time when the low-Q disc starts to develop transient spiral structures due to swing amplification, which favours spiral structures with higher m modes. Simulation with the halo which traces the Aq-B-4 triaxiality with time (second model) generally shows a similar trend as the simulations with static haloes, though it has a higher peak strength. This is caused by two effects: (a) the ratio of the axes of the Aq-B-4 halo is generally lower and (b) the ratio is fluctuating.
CONCLUSIONS
In this paper, we used very high resolution N -body simulations to investigate the influence of triaxial haloes on to stellar discs, especially on the formation of spiral structures. In our simulations, the haloes are implemented as analytic potentials rather than dark matter particles to minimize possible numerical artefacts caused by Poisson noise and to allow us to perform many very high resolution simulations of the stellar discs, which are represented with up to 10 8 particles. While high-Q discs are stable against spiral structures in spherical haloes, we found that two-armed grand-design spiral structures form in such discs if they are abruptly embedded within triaxial haloes. These spiral structures extend all the way to the edge of the disc. Their strength dependence with radius is determined by the torque from the triaxial halo experienced by the disc. We further showed that these spiral structures have the following features.
• They do not form when the halo turns from spherical to triaxial adiabatically. This indicates that the impulsive introduction of triaxial haloes leads to the grand-design twoarmed spiral structures.
• Realistic fluctuations in halo triaxiality with time, as predicted by cosmological simulations, also lead to very prominent grand-design two-armed spirals, as we have explicitly demonstrated using the Aquarius simulations (Springel et al. 2008; Vera-Ciro et al. 2011 ).
• They form in discs that have Q > 1.3, i.e. when the swing amplification process is weak in the disc. This demonstrates that swing amplification is not necessary for the formation for these spiral structures.
• They form even if the self-gravity of the disc is turned off, which again excludes swing amplification as the essential formation mechanism.
• Once formed, they can survive in spherical haloes. Triaxial haloes are therefore not necessary for maintaining the spiral structure.
• Their power spectra peak at the inner Lindblad resonance that satisfies ΩP = Ω − κ/2, which is almost flat for a large region of the disc in our model, in agreement with the kinematic density wave theory proposed by Lindblad (1956) . This offers a way to test the occurrence of this grand-design arm formation mechanism by comparing to the observed pattern speeds.
Furthermore, we showed that the swing amplification process and the time variation of the halo triaxiality can in fact interfere with each other. When the time-scale of the growth of transient spiral structures due to the swing amplification is very short, which in our case occurs when the number of the star particles used in the simulation is low, only transient arms form, while their distribution becomes more asymmetric in a triaxial halo. When the process of swing amplification is slow enough, two-armed grand-design spiral structures form in the first place. However, these spiral structures break up and get swing amplified into transient arms at later times. Moreover, at a given resolution spiral structures formed in this way grow faster than those formed in a spherical halo where the Poisson noise in the initial conditions is the only source for the swing amplification.
The sudden introduction of triaxiality into an initially spherical halo in equilibrium with the stellar disc is clearly a very idealized setup and is not directly applicable to observed systems. However, we have shown that similar spiral structures develop as long as the time-scale of the gravitational potential perturbation is shorter than the orbital period of stars. Self-consistent cosmological simulations indicate that both inner and outer halo triaxiality can change rapidly and significantly on short time-scales as massive satellite flybys, mergers, large-scale inflows and tumbling triaxial haloes are known to alter gravitational potentials rapidly and to introduce torques. The formation of spiral structures in these cases shares a similar underlying mechanism with our simplified simulations, as we have verified explicitly, where the strength of arms formed depends on the gravitational torques, and where grand-design arms form. Furthermore, if stellar discs are subject to swing amplification, additional rapid perturbations in gravitational potentials and torques might be conducive to the development of transient arms. Fujii et al. (2011 ), Sellwood (2012 ), D'Onghia et al. (2013 and several other works have found that the Poisson noise in the disc due to a low number of star particles can be greatly swing amplified causing transient spiral structures to form. As stated in Section 3.1, we performed several simulations to study this effect. Two competing factors, the initial Poisson noise level set by the number of particles N and the gravitational stability of the disc quantified by Toomre's Q parameter, are considered. Our simulations include two runs with a high-Q disc containing 10 6 and 10 8 star particles and four runs with low-Q discs containing 10 5 , 10 6 , 10 7 and 10 8 star particles. Surface densities of discs at 2.5 Gyr are shown in Fig. A1 . For high-Q discs, no spiral structures form. For discs with low-Q, strong spiral structures form in simulation with 10 6 and 10 7 star particles, while very weak spiral structures are present in simulation with 10 8 star particles. For the simulation with low-Q with 10 5 star particles, the spiral structures can barely be seen due to two reasons: (a) as shown in Fig. 1 , the strength of spiral structures in this simulation decreases after several hundred million years, (b) number of particles is too low to show weak spiral structures.
For simulations with low-Q discs with 10 6 -10 8 star particles, the spiral structures are most prominent in the region RS < r < 3RS. We checked the evolution of such spiral arms and found that each single arm is not long-lived. The arms break up quickly and new arms emerge from the fragments of the old arms. The stars in the disc are rotating anticlockwise; therefore, the spiral structures are trailing, which is in the agreement with the prediction of the swing amplification mechanism.
The average Q value as a function of radius is shown in Fig. A2 . Blue lines denote the Q value in the initial conditions. Q parameter for simulations with low-Q discs is shown with solid curves. For low-Q discs, in the region of RS < r < 3RS, the Q parameter is either less than 1 or slightly over 1. Due to the fact that discs are not razor-thin, they are stable to axisymmetric perturbations even when Q is slightly lower than 1, but the swing amplification is still strong. This explains why transient spiral structures are strongest in this region. For simulation with a lower number of particles, Q value grows faster over time. At later times, Q is so high that swing amplification is no longer strong, which leads to the decreasing of spiral strength. In simulations with discs with Q > 1.3, Q parameter is higher than 1.3 all through the disc, as shown in the right-hand panels of Fig. A2 with dashed curves. Due to a high Q, spiral structures do not grow prominently in the disc.
In conclusion, the growth of self-induced spirals depends on two factors: the initial Poisson noise level and the gravitational stability of the disc. The initial Poisson noise level sets the initial strength of perturbations that are amplified later. The higher number of particles, the longer time it takes to grow perturbations to a prominent level. The stability of the disc decides the actual growth rate of the perturbation. For a highly stable disc, it may take very long time to grow perturbations in a self-induced manner. Figure A1 . Surface density of the low-Q and high-Q stellar disc at time t = 2.5Gyr. For low-Q discs, four simulations with increasing number of particles, ranging from 10 5 to 10 8 , are shown. Strong spiral structures develop when the particle number is lower than 10 8 , while for the disc with 10 8 particles, very weak spiral structures can also be seen. For 10 5 particles, the spiral structures initially present fade away before t = 2.5Gyr. For high-Q discs, simulations with 10 6 and 10 8 star particles are shown. No prominent spiral structures can be found in such simulations.
APPENDIX B: DISCS IN MISALIGNED TRIAXIAL HALOES
We now focus on to the influence of triaxial haloes if the disc does not lie in the x-y plane of the halo. Even though for isolated systems it has been shown that the inner part of the halo realigns on a dynamical time with the disc (Binney et al. 1998) , in cosmological simulations large misalignments are found (e.g. Hahn et al. 2010; Debattista et al. 2013; van de Voort et al. 2015) , indicating that discs in misaligned haloes need to be studied. The top row of Fig. B1 shows the projection of the disc on to its initial plane in the simulation with a TO2 halo, i.e. a halo that is more triaxial outside with the disc plane that initially has a 45
• angle with respect to the x-y plane of the halo, at three different times, t = 0.7, 1.3 and 2 Gyr. At 0.7 Gyr, the overall shape of the projection starts to be compressed. This compression becomes stronger over time. At around t = 2 Gyr, the projection of the disc is strongly compressed in one direction. This compression of the projection on to a fixed plane indicates that the inclination of the disc is changing. In a triaxial halo, the gravity force does not always point directly to the centre. It does not even lie in the disc plane if the disc plane does not coincide with the x-y, x-z or y-z plane of the halo. The perpendicular component of the gravity force results in a non-zero torque that is not in the direction of angular momentum, which leads to the change of the disc's inclination.
We can infer the normal direction of the disc with the direction of the angular momentum vector, as long as the stars stay roughly in a plane. To achieve, this we calculate the total angular momentum
at each timestep, where m is the mass of a single particle, ri and vi are the position and velocity vector of the i-th star particle. The middle row of Fig. B1 shows the projection of the disc onto the plane that is perpendicular to the total angular momentum vector. We can see that the morphology of the spiral structures is similar to the disc that is not misaligned with respect to the x-y plane of the halo, for example similar to the disc shown in Fig. 12 . However, in the outer parts of the disc the shape of the spiral arms is distorted.
We can understand the distortion of the disc by looking at it edge-on. As shown in the bottom row of Fig. B1 , the disc develops an integral shape warp at later times, indicating that the disc no longer stays in a plane. Also more and more mass spreads along the z direction. It is also worth noticing that though the warping of the disc shows a trend for the disc to become aligned with the major axis of the halo, which is 45
• from the initial normal direction of the disc, in fact most of the mass of the disc stays in roughly the same initial plane at time t = 2 Gyr.
The warp of the disc before 0.75 Gyr is very weak. Therefore we can compare the strength of the spiral structures at early times, e.g. 0.5 Gyr, in this simulation with the simulations where the discs lie in the x-y plane of the triaxial halo, as shown in the bottom row of Fig. 11 and the right-hand panel of Fig. 10 . The strength of the spiral struc- In particular, blue lines in each plot denote the Q-r relation at the initial time. The swing amplification is strong if Q is close to 1. As spiral structures develop, the 'temperature' of the disc raises for low particle numbers, i.e. 10 5 and 10 6 , resulting in an increase of Q at later times. This increase of Q coincides with the decrease of spiral strength of corresponding models shown in Fig. 1 . For high-Q discs, no prominent spiral structures develop, leading to hardly any changes in Q profile.
tures in this simulation also matches with the gravitational torque caused by the triaxial halo. In fact, the strength of the torque in this simulation lies between the simulations with T2 and T3 haloes, as well as the corresponding strength of the spiral structures. At later times, the outer part of the disc no longer stays in the disc plane. As shown in the middle row of Fig. B1 , the outer part of the spiral structures is distorted. We plot the density projection of the disc in polar coordinates, as illustrated in the left-hand panel of Fig. B2 . For R/RS > 3.5, radius of the spiral structures no longer increases strictly as the angle goes anticlockwise. To investigate if this is due to the warp of the disc, we rotate every pixel in this plot on to the disc plane again while keeping the azimuthal coordinate θ unchanged, so that the spiral structure all through the disc can be compared on the same plane. This is done by changing the radius R of each pixel to √ R 2 + z 2 , where
is the mean height of the mass at (R, θ). The result in shown in the right-hand panel of Fig. B2 . The radius of the spiral structures increases strictly anticlockwise, as is the case for the spiral structures in all other simulations with discs in the x-y plane of the halo. This indicates that the distortion of the outer part of the spiral structures is simply due to the projection.
In conclusion, when the disc is misaligned with the halo, the spiral structures still grow in response to the torque. Their strength corresponds to the strength of the torque, similar to the simulations with discs lying in the halo plane. Even though warps develop at later times, they interfere very little with the spiral structures. The morphology of the spiral structures is unaffected as long as the radii of the spiral structures are calculated with the height from the disc taken into account. This paper has been typeset from a T E X/ L A T E X file prepared by the author. Figure B1 . Evolution of a disc in a misaligned triaxial halo. Top: projection of density on the initial plane. Middle: projection of density on the disc plane, whose normal direction is defined by the total angular momentum. Bottom: edge-on column density of the disc. Grand-design two-armed spiral structures still form in this case, while the orientation of the disc is changing as well. It can be also seen from the edge-on plot that warps develop in the disc at later times. Figure B2 . Surface density of a disc in a misaligned triaxial halo at 2 Gyr in polar coordinates. The outer part of the disc is not in the plane defined by the angular momentum of the disc. The spiral arms are distorted if the density is directly projected on to the disc plane (left). However, if we rotate every pixel on to the disc plane (right), the morphology of the spiral structure becomes similar to the simulations with discs within the x-y plane of the haloes.
